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Supporting the integrating of technology
Students are supported with the integration of technology 
in a number of ways. The eBook includes ‘How to’ user 
guides covering all basic functionality for the following 
three graphing calculators: 

•	 TI-84 Plus CE

•	 TI-Nspire CX (non-CAS) 

•	 CASIO fx-CG50AU

Throughout the student book you will find Technology 
worked examples strategically placed within the 
theory for both the TI-Nspire CX (non-CAS) and CASIO 
fx-CG50AU. The examples clearly demonstrate how the 

technology can be used effectively and efficiently for the 
content being covered in that chapter. 

Graphing calculators are not the only technology 
integrated throughout the Pearson Queensland senior 
mathematics series. Spreadsheets, Desmos and 
interactive widgets have been included to provide 
students with the opportunity to visualise concepts, 
consolidate their understanding and make mathematical 
connections.
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184 Pearson Specialist Mathematics 12 Queensland

3. 4

(d) Calculate the maximum height reached by the ball during its flight. Give your answer correct to 
1 decimal place.

1 The ball reaches its maximum height when 
the ĵ component of r  is zero (i.e. the vertical 
component of velocity is zero).

t20 9.8 0− =
20
9.8
2.04 s(2 d.p.)

t =

=

2 Its height is given by the ĵ component of r . 2.04

2.04 20 4.9
20
9.8

2.04 10
20.4 m(1 d.p.)

maxh h( )=

= − ×





= ×
=

3 Interpret the answer. The ball reaches a maximum height of 
20.4 m at 2.04 s. 

 

Projectile motion
Explore the effects of initial 
velocity, both speed and angle, on 
a projectile.

Explore further

Investigating projectile motion
Understand how the particle 
moves while changing the vector 
direction.

Technology worked example

Investigating projectile motion
Adjust time value to trace locus of 
projectile. Position, acceleration and 
velocity vectors have been drawn in.

Making connections 

Investigating curvilinear motion

 1 A particle moves so that its position vector r  at time t is given by t t3cos 2 ˆ 3sin 2 ˆ( ) ( )= +r i j, t 0≥ . 
(a) Demonstrate that the particle moves in a circle and determine the Cartesian equation of its path.
(b) Demonstrate that the particle moves with constant speed.
(c) Demonstrate that the particle’s acceleration has constant magnitude and is perpendicular to the 

direction of motion of the particle.

 2 The position vector of a particle at time t seconds, t 0≥ , is t t1 sin 4 ˆ 2 cos 4 ˆ( ) ( )( ) ( )= + + −r i j (units 
are metres).
(a) Determine the Cartesian equation of the path of the particle and sketch the result.
(b) Prove that its acceleration is always perpendicular to its velocity.

 3 The position vector of a particle at time t is given by t t tsin 2 ˆ cos 2 ˆ sin 2 ˆ( ) ( ) ( )= + +r i j k. 
(a) Which of the following will give the correct equation for the acceleration vector?

A a r= -   B a r= -2  C a r= -4  D 4=a v
(b) Explain the common error made by a student who selected the first incorrect option.

EXERCISE 

3.4
Worked 
Example

18
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How to use this book

Technology worked examples 
These worked examples offer 
support in using technology 
such as spreadsheets, graphing 
calculators and graphing 
software, and include technology-
focused worked examples and 
activities.

Making connections 
This eBook feature provides 
teachers and students with a 
visual interactive of specific 
mathematics concepts or 
ideas to aid students in their 
understanding.

Explore further 
This eBook feature provides 
an opportunity for students to 
consolidate their understanding 
of concepts and ideas with the 
aid of technology, and answer 
a small number of questions 
to deepen their understanding 
and broaden their skills base. 
These activities should take 
approximately 5–15 minutes to 
complete.

Pearson Specialist Mathematics 12 Queensland Units 3 & 4 
This Queensland senior mathematics 
series has been written by a team 
of experienced Queensland teachers 
for the QCE 2019 syllabus. It offers 
complete curriculum coverage, rich 
content and comprehensive teacher 
support.

Tech-free questions 
These questions are designed 
to provide students with the 
opportunity to practice algebraic 
manipulations to prepare them 
for technology-free examination 
papers. Highlighting common errors

Throughout the exercises, 
authors have integrated 
questions designed to highlight 
common errors frequently made 
by students. Explanations are 
given in the worked solutions.

Worked solutions
Fully worked solutions are provided 
for every question in the student 
textbook and can be accessed 
from the accompanying eBook.
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377Chapter 7 Rates of change and differential equations

7.2

WARNING
When writing the given rates of change, make them positive if the variable is increasing and negative 
if the variable is decreasing.

Using the chain rule to solve a related rates problem

A spherical hot air balloon develops a leak so that t minutes later the radius r metres is given by 
= −( ) 24 3 .2r t t .

Assuming the balloon remains spherical (that is, 
π=( )

4
3

3V r r ), determine the rate at which the balloon is 
losing air 2 minutes after the leak commenced.

THINKING WORKING

1 Identify the key elements in the problem then 
write the given information and the required 
rate.

Given: 
π=( )

4
3

3V r r  

= −( ) 24 3 2r t t

Required to determine: 

=2

dV
dt t

2 Apply the chain rule to write the required rate of 
change in terms of other related rates.

Volume is an explicit parametric function of 
time, so

≡( ) ( ( ))V t V r t  

= × 
dV
dt

dV
dr

dr
dt

3 Substitute the derivatives needed into the related 
rates equation.

π

π

π

( )
( )
( )

( )

= 



 × −

= ×

= − ×

 
4
3

24 3

4 -6

4 24 3 (-6 )

3 2

2

2 2

dV
dt

d
dr

r
d
dt

t

r t

t t

4 Calculate the required rate at the given time. π=
=

-6912
2

dV
dt t

5 Interpret the solution in the context of the 
question and write the answer.

After 2 minutes, the balloon is losing air at a 
rate of 6912π cubic metres per minute.

WARNING
Never substitute values for changing quantities into a related rates problem until after all derivatives 
have been taken. Substituting too soon makes changeable variables behave like constants, with zero 
derivatives.

4
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321Chapter 6 Applications of integration

6.1Areas between curves
In Mathematical Methods, you will have learnt how to use definite integrals to calculate areas under 
curves and areas between two curves. In this section, these ideas are applied to more complex functions 
and situations where the integration techniques of Chapter 5 will often be needed.

The area bound by a function and the x-axis
Recall the following important rule regarding areas between functions and the x-axis:

The area bounded by a function ( )f x , the x-axis, and the lines =x a and =x b (where <a b) is  
equal to:

∫ ( )f x dx
a

b
 if the function lies above the x-axis from a to b, and ∫- ( )f x dx

a

b
 if the function lies below the 

x-axis from a to b.

0

y

f(x)
f(x)

y

x

x

a

A = ∫b

a
  f(x)dx

A = -∫b

a
  f(x)dx

 = ∫a

b
  f(x)dx

a

b

b
0

The area bound by the curve and the x-axis over the interval shown is

∫ ∫ ∫ ∫+ +- ( ) ( ) or ( ) ( ) .f x dx f x dx f x dx f x dx
a

b

b

c

b

a

b

c

y

xa b c

If part of the function is above the x-axis and part below over the interval [ ],a b , then the total area may 
be calculated by partitioning the area into sections with each section entirely above or entirely below the 
x-axis. Each of these areas may be calculated using a definite integral (which may have to be made 
positive by multiplying by -1 or taking the absolute value), and then added together to give the total area. 
The following example illustrates this.
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Warning boxes 
Warning boxes are located 
throughout the chapter to alert 
students to common errors and 
misconceptions.

Meeting the needs of the QCE 
syllabus
The authors have integrated 
both the cognitive verbs and 
the language of the syllabus 
objectives throughout the worked 
examples and questions.

Every worked example and 
question is graded 
Every example and question is 
graded using the three levels of 
difficulty, as specified in the QCE 
syllabus:

• simple familiar (1 bar)

• complex familiar (2 bars)

• complex unfamiliar (3 bars)

The visibility of this grading helps 
ensure all levels of difficulty are 
well covered.

Key information 
Key information and rules are 
highlighted throughout the 
chapter.
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5 Recall
Factorise quadratic expressions
 1 Factorise each of the following quadratic expressions:

(a) x4 92 −  (b) − −2 152x x  (c) − −3 14 52x x

Use the technique of completing the square
 2 (a) Express + +10 312x x  in the form x b c( )2+ + . 

(b) Express + +4 12 102x x  in the form ax b c( )2+ + .

Use polynomial long division
 3 Express each of the following in quotient–remainder form:

(a) + −
−

3 4 5
1

2

2
x x
x

 (b) − + +
−

2 3 5
3

3 2

2
x x x

x

Simplify expressions involving logarithms

 4 Express each of the following as single logarithms:
(a) ln(6) 2 ln(3)−  (b) a b c3ln( ) ln( ) ln( )+ −

Use the chain, product, and quotient rules to differentiate functions
 5 Differentiate each of the following:

(a) ( )= + +3 5 22 7
y x x  (b) ( )= sin 53y x x  (c) ( )=

ln
y

x
x

 (d) y xtan( )=

Integrate using standard integral rules
 6 Determine the following indefinite integrals:

(a) ∫ + +6 72x x dx (b) ∫ +3 4x dx

(c) ∫ ( )3cos 7x dx  (d) ∫ 4e dxx

Calculate definite integrals
 7 Calculate the exact value of the following:

(a) 
x
dx1

1

2
∫

 
(b) e dxx∫ 3

0

1

Calculate areas using definite integrals
 8 Calculate the exact area bounded by the function 

y x= - 2, the y-axis and the line = 3x  as shown in 
the diagram.

-1-2-3-4 0

-2

-4

-6

-8

-10

2

y

x = 3

y = -x2

x1 2 3 4
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Summary
Complex numbers review

Complex numbers 

Real numbers 
(numbers that can be placed on a number line)

Imaginary numbers i

The laws of arithmetic for complex numbers
For addition For multiplication

+ = +1 2 2 1z z z z Commutative law =1 2 2 1z z z z Commutative law

( )( )+ + = + +1 2 3 1 2 3z z z z z z Associative law ( )( ) =1 2 3 1 2 3z z z z z z Associative law

( )+ = +- 0 01 1z z i Additive inverse × = +1 1 01
1

z
z

i Multiplicative 
inverse

+0 0i Identity element ×1 0i Identity element 

Modulus and argument form
Modulus and argument of a complex number Polar form of a complex number 

0

Im(z)

Re(z)
θ

x

y
|z|

z = x + yi

P (x, y)
2
π

3
π

6
π

6
11π

3
5π

6
5π

6
7π

3
4π

3
2π

2
3π

6
π(-    )

3
π(-    )

2
π(-    )3

2π(-    )

6
5π(-    )

0

Im(z)

Re(z)

z = r cis (�)

x = r cos (�)

y = r sin (�)
r

0�π

De Moivre’s theorem:
θ( )= cisz r  then θ θ( )( ) ( )=cis cisr r nn n

Roots of complex numbers
Square roots of complex numbers:

= -12i  and so i is a square root of -1. However, just as -2 (as well as +2) is a square root of 4, -i is also 
a square root of -1 as:

4
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8Chapter review

 1 The Shanghai Maglev train is the fastest commercial train in the world. The train can travel a 
distance of 30 km in a minimum time of 4.186 minutes. Determine the maximum possible speed 
of the train.

 2 The tallest building in the world is the Burj Khalifa skyscraper in Dubai, United Arab Emirates, 
with a height of 829.8m. Determine the time it would take for a ball dropped from the top of the 
building to reach the ground, assuming the acceleration is constant at = 9.8m/s2g . 

 3 A car accelerates with an average acceleration of 3.5 m/s2 and reaches a speed of 60 km/h in  
5 seconds. Determine the initial velocity of the car. 

  4 The velocity v m/s of a particle at any time t is modelled by the equation = − +v t t- 7 82 . 
(a) Determine the acceleration of the particle at time = 3st . 
(b) Determine the acceleration when the velocity is zero.

  5 A particle is moving in a straight line with displacement x  metres from a fixed reference  
point O  at any time t seconds. The displacement of the particle is modelled by the equation 

= − −2 8 32x t t , where ≥ 0t . Determine the initial displacement, velocity and acceleration of 
the particle. 

  6 A velocity–time graph for an object is shown. 

0 321
-1

-2

-3

1

2

3

Velocity (m/s)

Time (s)

(a) Determine the displacement of the object after 2 seconds if it starts at the origin.
(b) Determine the acceleration of the object.

  7 The initial velocity of a body was 48.6 km/h and it takes 8 seconds of uniform deceleration to 
come to rest. Determine the position of the particle when it becomes stationary. 

Exercise 8.1

Exercise 8.1

Exercise 8.1

Exercise 8.2

Exercise 8.1

Exercise 8.1

Exercise 8.1
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UNIT 3Exam review

Paper 1: Technology-free

 1 If = − +a i j k3ˆ 2 ˆ ˆ and = + −b i j k5ˆ 3 ˆ 4 ˆ, calculate:
(a) +a b  (b) −a b3 2

 2 Points A and B have position vectors − −-2ˆ 4 ˆ ˆi j k and +i j + k3ˆ ˆ 4 ˆ respectively. Calculate the 
position vector of B relative to A.

 3 A curve is described by the vector equation = − −r i jt t t( ) (3 4 )ˆ 5 ˆ, ∈t . Calculate the gradient of 
the curve at x y( , ). 

 4 Express each of these complex numbers in the form +x yi:
(a) ( )( )+ −i i3 6 2 7  (b) −i i4 1215 101 (c) 

−i
3

5
(d) +

+
i
i

2
7 2

 (e) ( )−i1 3 (f) ( )( )− +i i3 4 2 2

 5 Simplify the following, expressing your answer in the form +x yi:

(a)  
π π



 × 



3cis

4
-4cis 3

2
   (b)  

( )
( )

π

π

11cis
cis

3
5
6

  (c)  
( )
( )

( )
( )

π

π

2cis

cis
3

4

6
2    (d)  ( )+ i-2 2 3

6
 

 6 Use mathematical induction to prove the following result for all ∈ +n :

  ( )+ × + × + × +…+ × = − +−n n1 2 2 3 2 4 2 2 1 2 1n n2 3 1

 7  Use mathematical induction to prove the following result for all ∈ +n :  

+ + + = −
×

1
4

1
16

1
4

2 1
3 2n

n

n

2

2

 8 Use mathematical induction to prove that −8 8n  is divisible by 7 for all integers ≥n 2. 

 9 Determine the cube roots of i27  in Cartesian form. 

 10 At time t, a particle has position vector ( ) ( )( ) ( ) ( ) ( )= + + −r i jt t t tsin sin 2 ˆ cos cos 2 ,̂ ≥t 0. Calculate 
the particle’s minimum and maximum speeds. 

 11 Prove that if a is an integer, then ( )− a1 - n is divisible by +a1  for all ∈ +n .

Exercise 2.2

Exercise 2.2

Exercise 3.2

Exercise 4.1

Exercise 4.2

Exercise 1.2

Exercise 1.2

Exercise 1.3

Exercise 4.1

Exercise 3.4

Exercise 1.3
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Recall 
Each chapter begins with a review 
of assumed knowledge for the 
chapter.

Chapter review 
Every chapter review follows the 
QCAA examination proportions 
for level of difficulty, which is 60% 
simple familiar, 20% complex 
familiar and 20% complex 
unfamiliar.

Exam review 
Exam reviews provide cumulative 
practice of content already 
covered, to prepare students for 
the end-of-year exam. They have 
been placed at the end of each 
Unit.

Summary 
At the end of each chapter, there 
is a summary of the key facts and 
rules discussed in the chapter.
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3 Recall
Differentiate
	 1	 Calculate dx

dt
 for each of the following:

(a)	 x t= −1 cos( )	 (b)	 x t= cos ( )2 	 (c)	 x e tt= − 42 3	 (d)	 x t= sec( )

	 2	 Calculate dy
dt

 for each of the following:

(a)	 y t= 4 sin( )	 (b)	 y t= sin ( )2 	 (c)	 y te= log (2 )	 (d)	 y t= tan( )

Calculate the derivative for a given value
	 3	 If f t t t= −( ) 10 5 2, calculate f ( )′ 2 .
	 4	 If f t t=( ) sin(2 ), calculate without using technology f π

′ 

6

.

	 5	 If f t tπ=( ) 3cos ( )2 , calculate without using technology f ′ 



1
4

.

	 6	 If f t t= +( ) 2 1, calculate f ′ 



1
2

.

Anti-differentiate
	 7	 Calculate the following:

(a)	 ∫ ( )+e e dtt t2 - 	 (b)	 ∫ t dt3sin(2 ) 	 (c)	 ∫ ( )+t dt4 1 2 	 (d)	
t

dt∫ +
1

3 2
Solve problems involving displacement and velocity
	 8	 A particle moves in a straight line such that its position, x metres, relative to an origin O at time 

t seconds is given by = + −x t t t( ) - 2 82 , t ≥ 0.
(a)	 State the particle’s initial position.	 (b)	 Determine the particle’s velocity at t = 4.
(c)	 Determine when the particle’s velocity is zero.

	 9	 The velocity, v m/s, of a particle moving in a straight line at time t seconds is given by 
v t t= −( ) 6 2 . At time t = 0, the particle is 3 metres to the right of the origin O.
(a)	 Determine x t( ).	 (b)	 Describe the particle’s position relative to O after 4 seconds.
(c)	 Calculate the total distance travelled by the particle after 4 seconds.

Calculate the magnitude of a vector
	10	 Calculate the magnitude of the following vectors:

(a)	 2ˆ 3ˆ ˆ= + −a i j k 	 (b)	 c i j k= + −-5ˆ 4 ˆ 2 2 ˆ

Use the scalar product
	11	 Let a i j k= − +ˆ 3ˆ 2 ˆ, b i j k= − +-3ˆ 5ˆ ˆ and c i j k= − −2ˆ ˆ 4 ˆ. Calculate:

(a)	 ⋅a b 	 (b)	 ⋅a c 	 (c)	 ⋅b c

	12	 Calculate the angle, in radians, between each of the following pairs of vectors. State each angle 
correct to three significant figures.
(a)	 a i j k= − +ˆ 2ˆ 2 ˆ and b i j k= − −2ˆ ˆ 2 ˆ 	 (b)	 a i j k= + −3ˆ 2ˆ 6 ˆ and b i j k= + +-ˆ 2ˆ 5 ˆ

	13	 Let a i j k= + −m-ˆ ˆ 3 ˆ and mb i j k= + −ˆ 2ˆ 4 ˆ, m ∈ . If a is perpendicular to b, determine the 
value of m.

Sam
ple

 pa
ge

s



164 Pearson  Specialist Mathematics 12 Queensland

3.2	 Differentiation of vector functions
Consider a function f that is differentiable throughout its domain.

The derivative of f is defined by f x
f x h f x

hh
lim

0
( ) ( ) ( )

′ =
+ −

→
.

By analogy, you can define the derivative of a vector function of a real variable.

Suppose r t( ) and r t tδ( )+  are position vectors of neighbouring points P  
and Q on the smooth continuous curve defined by r t( ).
By the triangle law of vector addition:

OP PQ OQ
� ��� � ��� � ���

+ =

rPQ
� ���

δ=

r

r r

PQ
OQ OP

t t t

� ���
� ��� � ���

δ

δ( ) ( )

=
= −
= + −

So r r
t

t t r t
t

δ
δ

δ
δ

( ) ( )
=

+ − , t 0δ ≠ .

Re-expressing r
t

δ
δ

 as r
t

1
δ

δ( ), see that r
t

δ
δ

 is a vector parallel to rδ . i.e. r
t

δ
δ

 is a vector whose direction is along PQ
� ���

.

By analogy with real (scalar) calculus, rd
dt

 is denoted as the rate of change of r  with respect to t at the point P.

As t 0δ → , Q approaches P (shown by Q Q Q, ,1 2 3 ).

As t 0δ → , r rt t tδ( ) ( )+ →  and so the direction of r
t

δ
δ

 successively 
approaches the tangent at P.
Therefore, a geometric interpretation for rd

dt
 has been established.

Rules for differentiation of vector functions
Vector functions can be differentiated in a similar manner to real functions.

Derivative of a constant vector
This result can be verified as follows:

δ
δ

δ
δ

δ

δ

( ) ( )
=

=
+ −

= −

=

=

δ

δ

δ

δ

→

→

→

→

r r

r r

c c

0

0

lim

lim

lim

lim

0

0

0

0

d
dt t

t t t
t

t

t

t

t

t

t

Note that = = =i j k 0
ˆ ˆ ˆd

dt
d
dt

d
dt

.

r(t)

r(t + δt)

δr

O

P

Q

Provided that the limit exists, the derivative 
rd

dt  is defined as:

r r

r r

d
dt t

t t t
t

t

t

lim

lim

0

0

δ
δ

δ
δ

( ) ( )
=

=
+ −

δ

δ

→

→

r(t)

r(t + δt)

tangent at P

O

P
Q3

Q2

Q1

If r c= , where c  is a constant vector, then 
rd

dt
0= .
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Derivative of a product of a scalar function and a constant vector c
This result can be verified as follows:

r r

r r

c c

c

c

d
dt t

t t t
t

s t t s t
t

s t t s t
t

ds
dt

t

t

t

t

lim

lim

lim

lim
( )

0

0

0

0

δ
δ

δ
δ

δ
δ

δ
δ

( )

( )

( )

( )

( )

=

=
+ −

=
+ −

=
+ − 

=

δ

δ

δ

δ

→

→

→

→

Derivative of a sum of vectors
This result can be verified as follows:

r r

r r

u v u v

u u v v

u v

d
dt t

t t t
t

t t t t t t
t

t t t t t t
t

d
dt

d
dt

t

t

t

t

lim

lim
( )

lim

lim

0

0

0

0

δ
δ

δ
δ
δ δ

δ
δ δ

δ

[ ]

( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

=

=
+ −

=
+ + + − +

=
+ −  + + − 

= +

δ

δ

δ

δ

→

→

→

→

Using the last two rules and the fact that i j kˆ, ˆ and ˆ are constant vectors, gives:

If r i j kx y zˆ ˆ ˆ= + + , then r i j kd
dt

dx
dt

dy
dt

dz
dt

ˆ ˆ ˆ= + +  and 
r i j kd

dt
d x
dt

d y
dt

d z
dt

ˆ ˆ ˆ
2

2

2

2

2

2

2

2= + + .

If r i j kt x t y t z tˆ ˆ ˆ( ) ( ) ( ) ( )= + + , then r i j kt x t y t z tˆ ˆ ˆ( ) ( ) ( ) ( )′ = ′ + ′ + ′  and 
r i j kt x t y t z tˆ ˆ ˆ( ) ( ) ( ) ( )′′ = ′′ + ′′ + ′′ .

Hence, a vector expressed in component form can be differentiated term by term.

Differentiating a vector function

Determine 
rd

dt  and 
rd

dt

2

2  if r i j kt t t t3 ˆ 4 ˆ sin 5 ˆ2 3( ) ( )= + − + .

THINKING WORKING

1	 Differentiate each component of r  to  

determine  rd
dt

.
r i j kt t t t3 ˆ 4 ˆ sin 5 ˆ2 3( ) ( )= + − +
r i j kd

dt
t t t6 ˆ 4 3 ˆ 5cos 5 ˆ2( ) ( )= + − +

If r cs= , where s is a function of t and c is 

a constant vector, then 
r cd

dt
ds
dt

= .

If u and v are functions of t, and if 
r u v= + , then r u vd

dt
d
dt

d
dt

= + .

8
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2	 Differentiate each component of 
rd

dt
 to  

determine rd
dt

2

2 .

r i j k
d
dt

t t t6 ˆ 4 3 ˆ 5cos 5 ˆ2( ) ( )= + − +

r i j k
d
dt

t t6ˆ 6 ˆ 25 sin 5 ˆ
2

2 ( )= − −

Differentiating and substituting a value into a vector function

Determine the value of r 0( )′  and r 0( )′′  if t t t e tsin ˆ 2 ˆ ˆ2 -2( ) ( )= + +r i j k.

THINKING WORKING

1	 Differentiate each component of r t( ) to 
determine ( )′ tr .

t t t e tsin ˆ 2 ˆ ˆ2 -2( ) ( )= + +r i j k

t t t e tcos ˆ 4 ˆ 2 ˆ-2( ) ( )′ = + −r i j k

2	 Substitute t = 0 into r t( )′ . ( ) ( ) ( )′ = + −r i j ke0 cos 0 ˆ 4 0 ˆ 2 ˆ-2(0)

	  = −i kˆ 2 ˆ

3	 Differentiate each component of r t( )′  to 
determine r t( )′′ .

t t t e tcos ˆ 4 ˆ 2 ˆ-2( ) ( )′ = + −r i j k

t t e t- sin ˆ 4 ˆ 4 ˆ-2( ) ( )′′ = + +r i j k

4	 Substitute t = 0 into ( )′′r t . ( ) ( )′′ = + +r i j ke0 - sin 0 ˆ 4 ˆ 4 ˆ-2(0)

	  = +j k4 ˆ 4 ˆ

5	 Write the answer. r i k0 ˆ 2 ˆ( )′ = −  

r j k0 4 ˆ 4 ˆ( )′′ = +

Consider a curve described by the vector equation r i jt x t y tˆ ˆ( ) ( ) ( )= + . The gradient of the curve at the 
point x y,( ) can be found using related rates, namely:
dy
dx

dy
dt

dt
dx

= , where 1dt
dx dx

dt

= . 

Worked example 10 illustrates this.

Calculating the gradient at a point on a curve defined by a vector function

A curve is described by the vector equation t t t2 ˆ 2 ˆ( ) ( )= + +r i j , t 0≥ .

(a)	 Calculate the gradient of the curve at the point when t = 2.

THINKING WORKING

1	 Write and number the parametric 
equations.

x t2=         [1]

y t 2= +     [2]

9

10
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2	 Calculate 
dx
dt

 and 
dy
dt

.
dx
dt

2=  and 
dy
dt

1=

3	 Use the chain rule 
dy
dx

dy
dt

dt
dx

=  to determine 
dy
dx

 where t = 2.

dy
dx

dy
dt

dt
dx

1
1
2

1
2

=

= ×

=

4	 Interpret the answer. The gradient of the curve at t = 2 is 1
2

.

(b)	 Calculate r t( )′ .

Differentiate each component of r t( ) to 
determine r t( )′ .

r i jt t t2 ˆ 2 ˆ( ) ( )= + +

r i jt 2ˆ ˆ( )′ = + , t 0≥

(c)	 Determine a unit vector, ŝ, parallel to the tangent to the curve at the point when t = 2.

1	 Use s
s
s

ˆ = . t( )= ′ = + =s r sthen 2 1 52 2

2	 Write the answer.

( )

( )

=

=
+

= +

s s
s

i j

i j

ˆ

2ˆ ˆ

5
1
5

2ˆ ˆ

Differentiation of vector functions

	 1	 Calculate 
rd

dt
 and 

rd
dt

2

2  for each of the following vector functions: 

(a)	 r i t j kt t5 ˆ 2 ˆ ˆ2 3= − − 	 (b)	 r i j kt t t4 sin 2 ˆ 3cos 2 ˆ ˆ2( ) ( )= + +

	 2	 Calculate r α( )′  and r α( )′′  for each of the following vector functions and values of α : 

(a)	 t t t e t- sin 2 ˆ cos 2 ˆ ˆ-( ) ( ) ( )= + +r i j k, 0α = 	 (b)	 t e e tt t( ) ˆ ˆ 1 ˆ- 3( )= + + −r i j k , 0α =

(c)	 r i jt t t10 ˆ 10 3 5 ˆ2( )( ) = + − , 2α = 	 (d)	 r i jt t tsec ˆ tan ˆ( ) ( ) ( )= + , 
4

α π=

EXERCISE 

3.2
Worked 
Example

8

9
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3.2

	 3	 A curve is described by the vector equation r i jt t
t

ˆ 1 ˆ( ) = + , t 0> . 
(a)	 Calculate the gradient of the curve at the point when t = 1.
(b)	 Calculate r t( )′ .
(c)	 Determine a unit vector, ŝ, parallel to the tangent to the curve where t = 1.

	 4	 A curve is described by the vector equation r i jt t t t tˆ ˆ2 2( ) ( )( ) = + + − , t 0≥ .
(a)	 Calculate the gradient of the curve at the point when t = 0.
(b)	 Calculate r t( )′ .
(c)	 Determine a unit vector, ŝ, parallel to the tangent to the curve where t = 0.

	 5	 A curve is described by the vector equation t t tcos 2 ˆ cos ˆ( ) ( ) ( )= +r i j, t0 2π≤ ≤ .
(a)	 Calculate the gradient of the curve at the point when t

3
π= .

(b)	 Calculate r t( )′ .
(c)	 Determine a unit vector, ŝ, parallel to the tangent to the curve where t

3
π= .

	 6	 For each of the following vector functions, calculate 
rd

dt
 and determine any restrictions on t.

(a)	 r i jt t tsin ˆ cos ˆ( )( ) ( )= + 	 (b)	 r i jt t ee
tlog ˆ ˆ( )( )= +

	 7	 A curve is described by the vector equation r i jt t t5 2 ˆ 3 ˆ( ) ( )= + + , t ∈ . The gradient of the curve at 
x y,( ) is:

A	 3	 B	 5	 C	 3
5

 	 D	 5
3

 

	 8	 A curve is described by the vector equation r i jt t tcos ˆ sin ˆ3 3( ) ( ) ( )= + , t0 2π≤ ≤ .
(a)	 Calculate the gradient of the curve at the point when t

2
3
π= .

(b)	 Calculate r t( )′ .
(c)	 Determine a unit vector, ŝ, parallel to the tangent to the curve where t

2
3
π= .

	 9	 A curve is described by the vector equation r i jt e tt ˆ sin 2 ˆ2( ) ( )= + , t 0≥ . Calculate the corresponding 

time t at which the gradient of this curve is equal to 
1
2

.

	10	 A curve C is defined by the parametric equations x t1= +  and y t2= , t 0≥ .
(a)	 Determine the Cartesian equation of C and determine its domain.
(b)	 Sketch the graph of C.
(c)	 Determine the vector equation of C.
(d)	 Determine a unit vector, ŝ, parallel to the tangent to the curve where t = 1.

	11	 The position vector of a particle at time t, is given by r i j kt t t tsin ˆ ˆ cos ˆ( ) ( ) ( )= + + . Prove that r t( )′  is 
perpendicular to r t( )′′ .

	12	 The position vector of a particle at time t is given by r i jt t t4 ˆ 4 ˆ2( ) = + , t 0≥ . Determine when the 

magnitude of the angle between r t( )′  and r t( )′′  is 
4
π .

Worked 
Example

10
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Velocity and acceleration vectors
You have learned how a moving particle can be defined by a position vector, in terms of time, t. You have 
also learned how it is possible to differentiate a vector function.

In your study of instantaneous rates of change, you will be aware of the relationship between the process 
of differentiation and the calculation of velocity and acceleration for rectilinear motion. Vectors offer a 
useful method for extending these calculations to objects moving in three dimensions.

Velocity vector
Consider again the vector tr ( ), which represents the position of a particle  
at point P at a certain time, t. After a short time, tδ , the particle is at Q with 
position vector t tr δ( )+ .

The displacement (or change in position) of the particle during the time 
interval tδ  is:

� ��� � ��� � ���
r r rPQ OQ OP t t tδ δ( ) ( )= = − = + −

Since velocity is the time ratio of change of displacement, the average velocity of the particle during this 
time interval is:

t
t t t

t
r r rδ

δ
δ
δ

( ) ( )
=

+ − , t 0δ ≠

Re-expressing 
t
rδ

δ
 as 

t
1 r

δ
δ( ), you will see that 

t
rδ

δ
 is a vector parallel to rδ . i.e. 

t
rδ

δ
 is a vector whose 

direction is along 
� ���
PQ.

The instantaneous velocity of P at time t is therefore given by 
t t t

tt
lim

0

r rδ
δ

( ) ( )+ −
δ →

.

By analogy with scalar calculus, this rate of change limit is denoted by 
d
dt
r

 or r .

If tr ( ) defines the position vector of a particle P at time t, then the velocity at P is:

t d
dt

t t t
tt

lim
0

v r r r r rδ
δ

( )( ) ( )
= ′ = = =

+ −
δ →

The direction of v is the direction of 
� ���
PQ as t 0δ → . i.e. as Q P→   

(see following diagram).

Therefore, the instantaneous velocity of the particle, v, is parallel to the 
path of the particle at P, in the direction of motion.

If 
d
dt

v r= , i.e. the velocity of the particle is the rate of change of position, 

then v v=  is the speed of the particle.

r(t)

r(t + δt)

δr

O

P

Q

r(t)

r(t + δt)

tangent at P

O

P
Q3

Q2

Q1

3.3
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Calculating the velocity vector

A particle moves so that its position vector at time t is given by t t tˆ 2 ˆ2r i j( ) ( )= + − , t 0≥ .

(a)	 Determine an expression for the velocity of the particle at time t.

THINKING WORKING

Differentiate each component with respect to t 
to calculate tv ( ).

t t tˆ 2 ˆ2r i j( ) ( )= + −

=v
rd

dt

t tˆ 2 4 ˆv i j( ) ( )= + −

(b)	 Calculate the velocity of the particle at t = 1 and t = 2.

Substitute the given values of t into tv ( ). t tˆ 2 4 ˆv i j( ) ( )= + −

1 ˆ 2ˆv i j( ) = −

2 ˆv i( ) =

(c)	 Sketch the path of the particle and draw the velocity vectors at t = 1 and t = 2.

1	 Write and number the parametric equations. x t=                  [1]

y t 2 2( )= −       [2]

2	 Write the Cartesian equation with domain. The Cartesian equation is y x 2 2( )= − , x 0≥ .

3	 Determine the location of the particle at t = 1 
and t = 2. These will determine the location 
for the tails of the velocity vectors.

At t = 1:

1 1ˆ 1 2 ˆ

1ˆ 1ˆ

2r i j
i j

( ) ( )= + −
= +

At t = 2:

1 2ˆ 2 2 ˆ

2ˆ 0ˆ

2r i j
i j

( ) ( )= + −
= +

4	 Sketch the parabola with correct domain and 
velocity vectors at t = 1 and t = 2.

0 1i v(2)
v(1)

2 3

2

1
j

3

4

5
y

x

The velocity vectors are tangential to the 
particle’s path at the respective points.

11
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Acceleration vector
Acceleration is the rate of change of velocity with respect  
to time. Calculation of acceleration from the velocity 
vector is somewhat similar to the calculation of velocity 
from the position vector, as previously described.

Unless the particle is moving in a straight line, a is not 
parallel to v.

In general, a has a component tangential to the curve at P (the direction of v) and a component normal 
to the curve at P. To understand how this works, consider the case of projectile motion (a form of motion 
you will study in greater depth later in this chapter). In simplified projectile motion, the only acceleration 
acting on a particle is due to gravity (and this acceleration acts in a downwards direction). The path 
traced out by the point is parabolic, and the acceleration vector ta ( ) can be split into the normal vector 

tNa ( ), shown in green, and the tangential vector tTa ( ), shown in blue:

0

P

aN (t)
aT (t)

a(t)

Normal

Tangent

y

x

Consider also a scenario where a car is travelling around a circular track at constant speed. Is the car 
accelerating?

By definition, the car is accelerating if its velocity is changing.  
Although the magnitude of the car’s velocity (its speed) is constant, 
the car is continually changing direction so that its velocity is 
changing. Hence, the car is accelerating.

Calculating the acceleration vector and resolving it into tangential and normal components

A particle moves so that its position vector at time t is given by t t tˆ 2 ˆ2r i j( ) ( )= + − , t 0≥ .

(a)	 Determine an expression for the acceleration of the particle at time t.

THINKING WORKING

1	 Differentiate each component with respect to 
time to determine tv ( ).

t t tˆ 2 ˆ2r i j( ) ( )= + −
ˆ 2 4 ˆt t t( ) ( ) ( )= ′ = + −v r i j

t d
dt

t t t
tt

lim
0

a v v v v vδ
δ

( )( ) ( )
= ′ = = =

+ −
δ →

or, equivalently,

t d
dt

2

2a r r r( )= ′′ = =

12

Observe the vector direction and 
acceleration of a particle 
Move the sliders to observe how 
the vector acceleration changes.

Making connections 
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2	 Differentiate again to determine ta ( ). t tˆ 2 4 ˆv i j( ) ( )= + −

d
dt

a
v=  

t 2ˆa j( ) =
The particle has a constant acceleration 
throughout its motion.

(b)	 Resolve the acceleration vector at t = 1 into tangential and normal components, showing them to scale 
on a diagram.

1	 Calculate a unit vector parallel to 1v ( ). 1 ˆ 2ˆv i j( ) = −  and so a unit vector parallel to 

it is ˆ 1 1
5

ˆ 2ˆv i j( )( ) = −

2	 Calculate the vector projection of a onto ˆ 1v ( ) 
to determine the tangential component of a.

ˆ 1 ˆ 1 2ˆ 1
5

ˆ 2ˆ 1
5

ˆ 2ˆ

- 4
5

1
5

2

- 4
5

ˆ 2ˆ

( ) ( )

( )

( )

( )

( ) ( )⋅ = ⋅ −





−

= 











−

= −

a v v j i j i j

i j

i j

3	 Calculate the vector projection of a 
perpendicular to ˆ 1v ( ) to determine the 
normal component of a.

The normal component of a is given by 
ˆ 1 ˆ 1a a v v( )( ) ( )− ⋅ .

( )
( )

( )

( )( ) ( )− ⋅ = − −





= + −

= +

= +

a a v v j i j

j i j

i j

i j

ˆ 1 ˆ 1 2ˆ - 4
5

ˆ 2ˆ

2ˆ 4
5

ˆ 2ˆ

4
5

ˆ 2
5

ˆ

2
5

2ˆ ˆ

4	 Determine the position of the particle at t = 1. 
This will be the point from which the 
acceleration vectors will be sketched.

t t tˆ 2 ˆ

1 1ˆ 1ˆ

2r i j
r i j

( ) ( )
( )

= + −
= +

Therefore, draw the vectors from the point 1,1( ).

5	 Sketch the tangential and normal components 
of a to scale.

0 1i v(2)
v(1)

2 3

Tangential component
of a

Normal component
of a

2

1
j

3

4
a = 2j

5
y

x

ˆ

ˆ

ˆ
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(c)	 Calculate the angle between the velocity and the acceleration vectors at t = 1. Give your answer in 
degrees correct to 1 decimal place.

1	 Determine the relevant vectors. 1 ˆ 2ˆv i j( ) = −

1 2ˆa j( ) =

2	 Substitute into the dot product formula 
cosa b a b θ( )⋅ = .

Let θ  be the angle between v( )1  and a, where 
1 1 cosv a v a θ( ) ( ) ( )⋅ = .

ˆ 2ˆ 2ˆ 5 2 cosi j j θ( ) ( )( ) ( )− ⋅ =

3	 Rearrange the equation to make cos( )θ  the 
subject.

-4 5 2 cos θ( )( ) ( )=

θ

θ

( ) =

= 





cos - 2
5

cos - 2
5

-1

4	 Express θ  in degrees correct to 1 decimal place. 153.4θ = ° (1 d.p.)

5	 Interpret the answer. The angle between the velocity and 
acceleration vectors at t = 1 is 153.4°.

Tangential and normal components 
of an acceleration vector

Technology worked example

Calculations involving position, velocity and acceleration vectors
In the following figure, a particle is at A with position vector r  at time t = 0.

If the particle is moving with constant velocity v, then it is moving in  
a straight line and in time interval t it undergoes a displacement tv.

Hence at time t it has position vector 
� ���
OB tr v= + .

The following worked example uses this result.

Particles moving with a constant velocity vector

Two passenger ferries, F and G, travelling at constant velocities are observed from a clifftop at 11:00 am. 
Their position and velocity vectors are:

F 30ˆ 15ˆr i j= − 		  F -10ˆ 15ˆ= +v i j

G -10ˆ 5ˆ= +r i j 		  G 10ˆ 5ˆv i j= +

where distance is measured in kilometres and time in hours.

Determine whether the ferries will collide if they maintain their velocities. If there is a collision, 
determine when the collision will occur. Identify any assumptions and comment on the effects of these 
assumptions on your solution.

r

tv
v

r + tv

A

O

B
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THINKING WORKING

1	 Use tr v+  to determine the position vectors 
of both ferries at time t hours after 11:00 am.

Ferry F:

( )
( ) ( )

= − + +

= − + −

r i j i j

i j

t

t t
F 30ˆ 15ˆ -10ˆ 15ˆ

30 10 ˆ 15 15 ˆ

Ferry G:
r i j i j

i j( ) ( )
= + + +
= − + +

t
t t

G -10ˆ 5ˆ (10ˆ 15ˆ)
10 10 ˆ 15 5 ˆ

2	 The two ferries will collide if there is a value 
of t (>0) such that F Gr r= .

t t t t30 10 ˆ 15 15 ˆ 10 10 ˆ 15 5 ˆi j i j( ) ( ) ( ) ( )− + − = − + +

3	 Equate the î  components and solve for t. t t
t
t

30 10 10 10
20 40

2

− = −
=
=

4	 Equate the ĵ components and solve for t. t t
t
t

15 15 5 5
10 20

2

− = +
=
=

5	 Write a conclusion. F G2 2r r( ) ( )= , hence the ferries will collide when 
t = 2. A collision will occur at 1:00 pm.

6	 Identify any assumptions, and comment on 
the effects of these assumptions on your 
solution.

This model assumes there are no underlying 
currents that would affect the relative velocity of 
either ferry. It also assumes that the crew of both 
ferries are willing to continue travelling at a 
constant velocity despite the obvious dangers of an 
imminent collision. If these assumptions were 
incorrect, the ferries would not collide at 1:00 pm.

Using vector calculus to describe the motion of a particle

The position vector of a particle at time t is t tcos 2 ˆ sin 2 ˆ ˆr i j k( ) ( )= + + , t 0≥ .

(a)	 Calculate r  and r .

THINKING WORKING

1	 Differentiate each component with respect to 
t to calculate r .

t tcos 2 ˆ sin 2 ˆ ˆr i j k( ) ( )= + +

r i j k

i j

 ( ) ( )

( ) ( )

= 



 + 



 + 





= +

d
dt

t d
dt

t d
dt

t t

cos 2 ˆ sin 2 ˆ 1 ˆ

-2 sin 2 ˆ 2cos 2 ˆ

2	 Differentiate each component with respect to 
t to calculate r .

r i j ( ) ( )= +t t-2 sin 2 ˆ 2cos 2 ˆ

-4 cos 2 ˆ 4 sin 2 ˆt t ( ) ( )= −r i j
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(b)	 Prove that the speed of the body is constant.

1	 Calculate r .  t t-2 sin 2 ˆ 2cos 2 ˆ( ) ( )= +r i j

r ( ) ( )( ) ( )= +t t-2 sin 2 2cos 22 2

2	 Use the Pythagorean identity to simplify r .  t t

t t

4 sin 2 4 cos 2

4 sin 2 cos 2

4
2

2 2

2 2

r

( )
( ) ( )
( ) ( )

= +

= +

=
=

3	 Write the conclusion. As  2r = , the speed of the body is constant.

(c)	 Prove that the particle’s acceleration is always perpendicular to its direction of motion.

1	 Vectors are perpendicular if 
their dot product is equal 
to zero.

	 Calculate  ⋅r r .

r i j ( ) ( )= −t t-4 cos 2 ˆ 4 sin 2 ˆ and r i j ( ) ( )= +t t-2 sin 2 ˆ 2cos 2 ˆ

  ( ) ( )( ) ( ) ( ) ( )⋅ = − ⋅ +r r i j i jt t t t-4 cos 2 ˆ 4 sin 2 ˆ -2 sin 2 ˆ 2cos 2 ˆ

2	 Demonstrate that  ⋅ =r r 0. r r  ( )( ) ( )( )( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

⋅ = +
= −
=

t t t t
t t t t

-4 cos 2 -2 sin 2 -4 sin 2 2cos 2
8 sin 2 cos 2 8 sin 2 cos 2
0

3	 Write the conclusion. So  r r⊥  since  r r, ≠ 0.

Hence the particle’s acceleration is always perpendicular to 
its direction of motion (the direction of r ).

Calculating maximum and minimum speeds of a particle

At time t, a particle has position vector t t t tcos cos 2 ˆ sin sin 2 ˆr i j( ) ( )( ) ( ) ( ) ( )= + + + , t 0≥ .

(a)	 Determine an expression for the speed of the particle.

THINKING WORKING

1	 Differentiate each component with respect 
to t to calculate r .

t t t tcos cos 2 ˆ sin sin 2 ˆr i j( ) ( )( ) ( ) ( ) ( )= + + +

 t t t t- sin 2 sin 2 ˆ cos 2cos 2 ˆ( ) ( )( ) ( ) ( ) ( )= − + +r i j

2	 Recall that speed (a scalar) is the 
magnitude of the velocity vector. Use 

v r=  to determine the speed at time t.

 t t t t- sin( ) 2 sin(2 ) ˆ cos 2cos 2 ˆ( )( ) ( ) ( )= − + +r i j

v
t t t t

t t t t
sin ( ) 4 sin( )sin(2 ) 4 sin (2 )

cos ( ) 4 cos( )cos(2 ) 4 cos (2 )

2 2

2 2=
+ +

+ + +
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3	 Use the trigonometric identity 
sin cos 12 2θ θ( ) ( )+ =  to simplify v. v

t t t t

t t t t

t t t t

sin cos 4 sin 2 cos 2

4 sin sin 2 cos cos 2

1 4 4 sin sin 2 cos cos 2

2 2 2 2( ) ( )
( )

( )

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

=
+ + +

+ +

= + + +

4	 Use the trigonometric identity 
x y x y x ycos cos cos sin sin( ) ( ) ( )( ) ( )− = +  

to simplify v.

v t t

t

1 4 4 cos 2

5 4 cos

( )
( )

= + + −

= +

5	 Write v in terms of t. v t5 4 cos( )= +

(b)	 Determine when the particle first attains its minimum and maximum speed.

1	 The minimum speed occurs when tcos -1( ) = . v t5 4 cos( )= +

The minimum value of v is 1 and occurs 
when ( ) =tcos -1, i.e. when t π π= …,3 ,

It follows that the minimum speed is 1 and is 
first attained at t π= .

2	 The maximum speed occurs when tcos 1( ) = . The maximum value of v is 9 3=  and 
occurs when tcos 1( ) = , i.e. when t π= …0,2 ,

It follows that the maximum speed is 3 and is 
first attained at t = 0.

Anti-differentiation of vector functions
Anti-differentiation is the reverse process to differentiation.

Like real (scalar) functions, vector functions can be anti-differentiated.

For anti-differentiating vectors expressed in component form, use the following rule:

The result can be verified by differentiation.

0

ˆ ˆ ˆ

ˆ ˆ ˆ

ˆ ˆ ˆ

∫ ∫ ∫( ) ( ) ( )= + + +

= + + +

= + +

d
dt

d
dt

x dt d
dt

y dt d
dt

z dt d
dt

x y z

x y z

r i j k c

i j k

i j k

Note that when anti-differentiating a vector function, a vector constant (c) is introduced.

Extra information, such as an initial condition, is needed to determine the value of the vector constant, c  
specifically.

If d
dt

x y zˆ ˆ ˆr i j k= + + , then:

x y z dt

x dt y dt z dt

∫
∫ ∫ ∫
( )

( ) ( ) ( )
= + +

= + + +

r i j k

i j k c

ˆ ˆ ˆ

ˆ ˆ ˆ
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Determining a position vector from a velocity vector

The velocity of a particle at time t is given by  tˆ 2 2 ˆr i j( )= + + , t 0≥ . Determine its position vector when 
t 1= , if ˆr i=  when t 0= .

THINKING WORKING

1	 Anti-differentiate each component with respect 
to t to calculate r.

d
dt

tˆ 2 2 ˆr
i j( )= + +

∫ ( )
( )

( )= + +

= + + +

r i j

i j c

t dt

t t t

ˆ 2 2 ˆ

ˆ 2 ˆ2

2	 Apply the initial condition to determine c. 0 ˆr i( ) =  and so ˆc i= .

3	 Write the position vector r. t t t1 ˆ 2 ˆ2r i j( )( )= + + +

4	 Calculate r when t = 1. 1 2ˆ 3ˆr i j( ) = +

To calculate the position vector r  given r , anti-differentiate once to determine r  and then again to get r.

Sketching the path of a particle given its acceleration vector

The acceleration of a particle at time t is given by  =r j-10ˆ, t 0≥ . Sketch the path of the particle if 


ˆ 5ˆr i j= −  and =r 0 when t = 0. 

THINKING WORKING

1	 Anti-differentiate each component with respect 
to t to calculate r .

 =r j-10ˆ

 = +r j ct-10 ˆ

2	 Apply the initial condition to determine the 
constant vector c .

At t = 0:
ˆ 5ˆ

 = −r i j

Hence ˆ 5ˆc i j= − .

3	 Anti-differentiate each component with respect 
to t to calculate r .

 tˆ 10 5 ˆr i j( )= − +

t t tˆ 5 5 ˆ2r i j d( )= − + +

4	 Apply the initial condition to determine the 
constant vector d.

At t = 0:
0=r

Hence = 0d .

5	 Write the position vector r . t t tˆ 5 5 ˆ2r i j( )= − +

6	 To sketch the path, convert the position vector 
into Cartesian form. Write and number the 
parametric equations.

x t=                       [1]

( )= +y t t- 5 52      [2]
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7	 Determine the possible values of x. If t 0≥  and x t=  then x 0≥ .

8	 Substitute into the other parametric equation to 
eliminate t.

( )= +y x x- 5 52

So ( )= +y x x-5 1 .

9	 Write the Cartesian equation with domain. The Cartesian equation is y x x-5 1( )= + , 
x 0≥ .

10	Sketch the path of the particle with correct 
domain. 0

-10

(0, 0) 0.5

y = -5x(x + 1), x > 0

1 1.5 2

-20

y

x

Sketching the path of a particle
Technology worked example

Velocity and acceleration vectors

	 1	 Determine an expression for the velocity at time t for a particle that moves so that its position vector 
at time t is given by: 
(a)	 t t1 ˆ 2 ˆ ˆr i j k( )= + + + 	 (b)	 t tˆ 1 ˆ2r i j( )= + −

	 2	 Determine an expression for the acceleration at time t for a particle that moves so that its velocity 
vector at time t is given by:
(a)	 tˆ 2 ˆ2v i j= − 	 (b)	 t15 10 ˆv j( )= −

	 3	 Determine r  and r  for each of the following equations.
(a)	 4 ˆ 2 ˆ 3 ˆ2 2( )= − − +t t tr i j k 	 (b)	 26 ˆ 5 3 ˆ2( )= + −t t tr i j

(c)	 4 cos 2 ˆ 3sin 2 ˆ( ) ( )= +t tr i j 	 (d)	 ˆ 1 ˆ ˆ-2 3( )= + + −e e tt tr i j k

	 4	 A particle moves so that its position vector at time t is given by t t t2cos ˆ 3sin ˆ 4 ˆr i j k( ) ( )= + − . 
Calculate the initial speed of the particle.

	 5	 A particle moves so that at time t 0≥ , its position vector is given by t t tˆ 2 1 ˆ3 3( ) ( )= − + −r i j .  
At t = 1, the magnitude of the particle’s acceleration is:
A	 2ˆ 6ˆi j+ 	 B	 2 10  	 C	 6ˆ 24 ˆi j+ 	 D	 6 17

EXERCISE 

3.3

11
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	 6	 Calculate the position vector r  if: 
(a)	  t4 ˆ ˆr i j= − , ˆr j=  at t = 0.
(b)	  ( ) ( )= +r i jt t-2 sin 2 ˆ 2cos 2 ˆ, ˆ ˆr i k= +  at t = 0.
(c)	  =r j-10ˆ, =r 0 and  20ˆ 20ˆr i j= +  at t = 0.

	 7	 Two snooker balls, the white ball and the black ball, simultaneously rebound slowly off adjacent 
cushions of a snooker table. Immediately after rebounding, their position and velocity vectors relative 
to a corner of the table are:

W 0.5ˆr i= 	 W
ˆ 2ˆv i j= +

B 1.5ˆr j= 	 B 2ˆ ˆv i j= −
where distance is measured in metres and time in seconds. 
(a)	 Prove that the paths of the two balls cross at right angles.
(b)	 Calculate how long after rebounding the balls collide.
(c)	 Identify any assumptions made in parts (a) and (b) and discuss the effects of these assumptions on 

your answer.

	 8	 The position vector of a particle at time t is given by nt nt nt2 cos ˆ sin ˆ sin ˆr i j k( ) ( ) ( )= + + , where n 
is a positive constant. 
(a)	 Prove that the particle moves with constant speed.
(b)	 Prove that its acceleration is always perpendicular to its velocity. 

	 9	 A particle moves so that its position vector at time t is given by r i j( ) ( )( )= +e t e tt tsin( ) ˆ cos ˆ- - , t 0≥ .
(a)	 Determine an expression for the particle’s velocity.
(b)	 Determine an expression for the particle’s speed.
(c)	 Determine an expression for the particle’s acceleration.

	10	 At time t, a particle has position vector t t t t t3sin sin 2 ˆ 3cos cos 2 ˆ ˆr i j k( ) ( )( ) ( ) ( ) ( )= + + − + , t 0≥ . 
(a)	 Calculate the maximum and minimum speeds of the particle.
(b)	 Calculate the magnitude of its acceleration at t

2
π= .

	11	 A particle moves so that at time t 0> , its position vector is given by t t tln 2 ˆ 2 ˆ2 2r i j( )= + + . Calculate 
the particle’s velocity vector at t = 2.

	12	 The acceleration of a particle moving in a plane is constant and is given by  18ˆr i= . At t = 0, 
 6ˆ 3ˆr i j= +  and =r 0. Calculate the velocity and the position of the particle at t = 1. 

	13	 The acceleration of a particle at time t is given by r i j kt
 = + +e e ttˆ ˆ 6 ˆ- . Calculate the particle’s velocity 

and position at time t if  ˆ ˆ ˆr i j k= − +  and 2ˆr j=  at t = 0.

	14	 The acceleration at time t seconds of a particle moving in a straight line is  t4 6 ˆ m/s2x i( )= − . The 
particle starts its motion 16 metres to the right of a fixed point O and moves away from O at a speed 
of 4 m/s.
(a)	 Determine the position where the particle is instantaneously at rest, relative to O.
(b)	 Determine when the particle passes through O.

Worked 
Example
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	15	 A body moves from rest at the origin so that after t seconds its acceleration is given by 
r i j = + e t10ˆ ˆm/s-0.1 2.
(a)	 Calculate its velocity after t seconds.	 (b)	 Calculate its position vector at t = 10.

	16	 A particle moves so that its position vector at time t is t tˆ ˆ2r i j= + , t 0≥ . 
(a)	 Determine an expression for the velocity at time t.
(b)	 Calculate the speed and direction of the particle at t = 2.
(c)	 Determine an expression for the acceleration at time t.
(d)	 Resolve the acceleration vector at t = 1 into tangential and normal components.
(e)	 At what angle to its direction of motion is the particle accelerating at t = 0 and t = 1?

	17	 A child is sitting still in some long grass watching a bee. The bee flies at constant speed in a straight 
line from its beehive to a flower and reaches the flower 3 seconds later. The position vector of the 
beehive relative to the child is 10ˆ 2ˆ 6 ˆi j k+ +  and the position vector of the flower relative to the child 
is 7ˆ 8ˆi j+ , where all distances are measured in metres.
(a)	 Calculate the speed of the bee.
(b)	 Calculate a unit vector in the direction of motion of the bee.
(c)	 Calculate the velocity of the bee.
(d)	 Calculate the closest distance that the bee comes to the child. Express your answer correct to one 

decimal place.

	18	 The velocity of a golf ball, t seconds, after being hit from a tee, is given by  t10ˆ 20 10 ˆm/sr i j( )= + −  
where î  is a unit vector in the horizontal direction of the green and ĵ is a unit vector vertically upward.
(a)	 Calculate the initial speed and the angle of projection of the ball. Give your answers correct to one 

decimal place.
(b)	 Determine when the ball’s velocity is horizontal.
(c)	 Taking the tee as the origin, determine an expression for the position vector r  of the ball at time t 

seconds.
(d)	 Calculate the maximum height reached by the ball. Identify any assumptions and comment on the 

effect of these assumptions on your solution.

	19	 At time t, a particle has velocity t t t2cos ˆ 4 sin cos ˆv i j( ) ( ) ( )= − , t 0≥ . At time t = 0, 3ˆr j= .
(a)	 Calculate the displacement of the particle at any time t.
(b)	 Calculate the displacement of the particle when it first comes to rest.
(c)	 Determine the Cartesian equation of the path and sketch the path of the particle.
(d)	 Determine the maximum speed attained by the particle.

Worked 
Example
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