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Students are supported with the integration of technology technology can be used effectively and efficiently for the
in a number of ways. The eBook includes ‘How to’ user content being covered in that chapter.
guides covering all basic functionality for the following Graphing calculators are not the only technology
three graphing calculators: integrated throughout the Pearson Queensland senior
« TI-84 Plus CE mathematics series. Spreadsheets, Desmos and
« TI-Nspire CX (non-CAS) interactive widgets have been included to provide
« CASIO fx-CG50AU students with the opportunity to visualise concepts,

Throughout the student book you will find Technology

worked examples strategically placed within the

theory for both the TI-Nspire CX (non-CAS) and CASIO
fx-CG50AU. The examples clearly demonstrate how the

connections.

consolidate their understanding and make mathematical
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How to use this book

Pearson Specialist Mathematics 12 Queensland Units 3 & 4

This Queensland senior mathematics
series has been written by a team

of experienced Queensland teachers
for the QCE 2019 syllabus. It offers
complete curriculum coverage, rich
content and comprehensive teacher
support.

Explore further

This eBook feature provides

an opportunity for students to
consolidate their understanding
of concepts and ideas with the
aid of technology, and answer

a small number of questions

to deepen their understanding

(d) Calculate the maximum height reached by the ball during its flight. Give your answer correct to
1 decimal place.

1" The ball reaches its maximum height when 20-9.8t=0
the j component of # is zero (i.e. the vertical fe 20
component of velocity is zero). 9.8
=2.04s(2d.p.)
2 Its height is given by the j component of . honax = 1(2.04)
= 2.04(20 —49X% 2)
9.8
=2.04x10

0.4 m(1d.p.)

3 Interpret the answer. reaches a maximum height of

0 Technology worked example

e Explore further
Projectile motion
Explore the effects of initial

velocity, both speed and angle, on
a projectile.

Investigating projectile motion
Understand how the particle

moves while changing the vector

direction.

and broaden their skills base.
These activities should take
approximately 5-15 minutes to
complete.

Making connections

This eBook feature provides
teachers and students with a
visual interactive of specific
mathematics concepts or
ideas to aid students in t
understanding.

EXERCISE

£)i+3sin(2t)j, ¢ > 0.

sian equation of its path.

o that its position vector r at time ¢ is given by r = 3cos(

trate that the particle moves in a circle and determine the Cart

emonstrate that the particle’s acceleration has constant magnitude and is perpendicular to the

irection of motion of the particle.

2 The position vector of a particle at time ¢ seconds, t 2 0,is r = (1 + sin(4t) i+ (2 - cos(4t))} (units

are metres).
(a) Determine the Cartesian equation of the path of the particle and sketchfthe result.
(b) Prove that its acceleration is always perpendicular to its velocity.

(2t)k.

vector?

3 The position vector of a particle at time ¢ is given by r = sin(2¢)i + cos(2¢)fj + sin
@ () Which of the following will give the correct equation for the acceleratiu[

A B C a=-4r a=4vy

(b) Explain the common error made by a student who selected the first inc

a=-r a=-2r

rrect option.

Tech-free questions

These questions are designed

to provide students with the
opportunity to practice algebraic
manipulations to prepare them
for technology-free examination
papers.

Worked solutions

Fully worked solutions are provided

for every question in the student
textbook and can be accessed .
from the accompanying eBook. 5

Technology worked examples

These worked examples offer
support in using technology

such as spreadsheets, graphing
calculators and graphing
software, and include technology-
focused worked examples and
activities.

Highlighting common errors

Throughout the exercises,
authors have integrated
questions designed to highlight
common errors frequently made
by students. Explanations are
given in the worked solutions.




Key information :
Key information and rules are __.

highlighted throughout the
chapter.

Every worked example and
question is graded

Every example and question is
graded using the three levels of
difficulty, as specified in the QCE
syllabus:

» simple familiar (1 bar)

« complex familiar (2 bars)

« complex unfamiliar (3 bars)
The visibility of this grading helps
ensure all levels of difficulty are
well covered.

Meeting the needs of the ACE
syllabus

The authors have integrated
both the cognitive verbs and
the language of the syllabus
objectives throughout the worked
examples and questions.

viii

The area bounded by a function f(x), the x-axis, and the lines x = a and x = b (where a < b) is
equal to:

b b

j f(x)dx if the function lies above the x-axis from a to b, and -J. f(x)dx if the function lies below the
a a

x-axis from a to b.

Using the chain rule to solve a related rates problem

A spherical hot air balloon develops a leak so that t minutes later the radius r metres is given by
r(t) =24 - 3t%,

Assuming the balloon remains spherical (that is, V(r) = =5 r), determine the rate at which the balloon is
losing air 2 minutes after the leak commenced.

THINKING WORKING

1 Identify the key elements in the problem then
write the given information and the required
rate.

(t) = 24 — 3t*

ired to determine:

dt i,

2 Apply the chain rule to
change in terms of other relate

quired rate of ~ Volume is an explicit parametric function of
time, so
V(t)= V()

v _dv i

dt  dr dt
o . dv _d(4m 3\ _d 2
ivatives needed into the related A E(T r )X E(M -3t )

= 471'(72) x (-6t)

=4m(24- 3t2)2 X (-6t)

il =-69127

t=2

alculate the required rate at the given time.

5 Interpret the solution in the context of the
ion and write the answer.

After 2 minutes, the balloon is losing air at a
rate of 69127 cubic metres per minute.

WARNING

Never substitute values for changing quantities into a related rates problem until after all derivatives
have been taken. Substituting too soon makes changeable variables behave like constants, with zero
derivatives.

Warning boxes

Warning boxes are located
throughout the chapter to alert
students to common errors and
misconceptions.
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Summary % summary
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0+oi Additve inverse Muliplcative
inverse
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Chapter review
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iliar, 20% complex E
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8) Determine the acceleration ofthe bject.

Exam review

Exam reviews provide cumulative Paper 1:Technology-free

practice of content already et e
covered, to prepare students for e i
the end-of-year exam. They have ‘ ’
been placed at the end of each

Unit.

[(RE=rEy

W (2+2451)

120, Caleutae

11 Prove thatifa s an integer, then 1-(-a)* s divisible by L+a forall n 2,
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Recall

Differentiate

1 Calculate % for each of the following:

(a) x=1-cos(t) (b) x = cos?(t) (c) x=e* —at (d) x =sec(t)

2 Calculate % for each of the following:

(a) y=4sin(t) (b) y = sin®(t) (c) y=1log,(2t) (d) y = tan(t)

Calculate the derivative for a given value
3 If f(t) =10t — 5¢2, calculate f’(2).
L If f(t) = sin(2t), calculate without using technology f ’(%) 6

5 If f(t) = 3cos’ (mt), calculate without using technology f 1

b If f(t)=~/2t +1, calculate f'(l)

2
Anti-differentiate @

7 Calculate the following:

1
2yet)dr b) | 3sin(2t)dt 4t + 1) dt i) | ——dt
@ f(e+e’) (0] [3sin(2) o J(ar+1) (d) j3t+2
Solve problems involving displacement ang v
8 A particle moves in a straight li at its position, x metres, relative to an origin O at time

t seconds is given by x(t) = -2 ,t20.

t1 (b) Determine the particle’s velocity at ¢ = 4.

() Determine when t e’s velocity is zero.

9 The velocity, v m/sf of aparticle moving in a straight line at time ¢ seconds is given by
v(t) = 6— 2t At ti 0, the particle is 3 metres to the right of the origin O.

(a) Deter x(t (b) Describe the particle’s position relative to O after 4 seconds.

(c) Calculate the total distance travelled by the particle after 4 seconds.

Calculate the magnitude of a vector
10 Calculate the magnitude of the following vectors:
(a) a=2i+3j—k (b) ¢=-5i+4j— 22k

Use the scalar product
11 Leta= 1:—3}'+212,b = —33—5}'+l€andc = 21:—}'—412. Calculate:
(@) a-b (b) a-c (c) b-c

12 Calculate the angle, in radians, between each of the following pairs of vectors. State each angle
correct to three significant figures.

(a) a=f—2}'+2]€ andb:Zz:—}'—le (b) a:31:+2}'—612andb=-f+2}'+5]2
13 Leta=-i+ m}' —3kand b=mi + 2}' —4k,meR.Ifais perpendicular to b, determine the
value of m.

148  Pearson Specialist Mathematics 12 Queensland



m Differentiation of vector functions

Consider a function fthat is differentiable throughout its domain.

The derivative of fis defined by f’(x) = I%im fle+ h}z — f(x)
-0

By analogy, you can define the derivative of a vector function of a real variable. £

Suppose r(t) and r (¢ + 8t ) are position vectors of neighbouring points P
and Q on the smooth continuous curve defined by r (¢). )

or
By the triangle law of vector addition: \Q
o r(t + 6t)

OP + PQ = 0Q
PQ = 6r dr
- Provided that the limit exists, th tive —— is defined as:

or = PQ dt

~00-op dr_ @

=r(t+6t)—r(t) dt

+6t)—r(t)

e 3100 (==

ot ot

. or 1 or . . Or. o A
Re-expressing — as — (67 ), see that — is a vector parallel to 8. i.e. — is a vector whose direction is along PQ.
ot ot ot ot
By analogy with real (scalar) calculus, % is denot e rate of change of r with respect to t at the point P.
t

As 8t — 0, Q approaches P (shown by Q 5. I tangentatP

As 8t — 0, r(t+6t) —> r(t)and
approaches the tangent at P.

Therefore, a geometric inte for % has been established.

r(t + 6t)

Rules for dif ation of vector functions ©

Vector functions can be differentiated in a similar manner to real functions.

Derivative of a constant vector

This result can be verified as follows: .
If r = ¢, where c is a constant vector, then

ﬂ— limﬂ i=0
dt ~ st—0 St d
r(t+6t)—r(t)

5t—0 Ot
= lim —
53230 ot
= 0 A A A
Notethatﬂzﬂ:%zo.
dt dt dt

164  Pearson Specialist Mathematics 12 Queensland



Derivative of a product of a scalar function and a constant vector ¢

This result can be verified as follows: . . .
If r = sc, where s is a function of f and c is

dr . Or dr ds
— = lim — a constant vector, then — = —-c.
dt  6t—0 Ot dt dt
. r(t+6t)—r(t)
5t—0 ot
_ lim s(t+8t)c—s(t)c
5t—0 ot
[s(t+5t)—s(t)]c
= lim
5t—0 ot
ds
=—c
dt
Derivative of a sum of vectors
This result can be verified as follows:
If u and v are functi and if
dr . or dv
— = lim — r =u+v, then o
dt  st—0 Ot dt
i r(t+6t)—r(t) @
5t—0 ot
_ u(t+5t)+v(t+5t)—[u(t)+v(t)]
B 6tlr—>no ot
; [u(t+8t)—u(t)]+[v(t+8t)-v()] @
B 6tlr—>no ot
du dv
= — 4+ —
dr dt

j and k are constant vectors, gives:

. A . . ~ 2 2x 0 A’y . d%z
If r = xi + yj t@:d—xud—yﬁ@kandd—;:d—xu—yﬁd—zk.
dt dt dt dt dt

> dt* T dt?
Ifr(t) = x(t)i g lt) j+ z(t)k, then r’(t) = x”(t)i + y’(t) j+ 2’ (t)k and

v (t)=x"(t)i+y”(t)j+2"(t)k.

Hence, a vector expressed in component form can be differentiated term by term.

n Differentiating a vector function —

2
r X \ )
Determine — and — if r = 3t%i + (41‘ —t )j + sin (5t ) k.

dt = dt?
THINKING WORKING
1 Differentiate each component of 7 to r=3t%+ (4t —f )] +sin (5¢)k
determine d_;' % = 6ti +(4-3t*) j+5cos(5¢)k

Chapter 3 Vector calculus

165




166

dr dr A A A
2 Differentiate each component of 5 e 6ti + (4 — 32 ) j+5cos(5t)k
2
determine . 2

dt? d—zr = 6i — 6t — 25sin (5t )k
t

n Differentiating and substituting a value into a vector function
Determine the value of #*(0) and r” (0) if  (¢) = sin(¢)i + 2¢%j + e k.
THINKING WORKING

I Differentiate each component of r(t) to r(t)=sin(t)i+262j + ek

A

3 Differentiate each component of 7’ (¢) to r'(t tj—2¢2'k
determine r”(¢). i (£)

i+4j+4ek

determine r(t). r/(£) = cos(t)} + a6k
2 Substitute ¢ =0 into r’(¢). r’(0) cos(O)@ i 2620k
i

4 Substitute t = 0 into 7" (¢). =-sin(0)i+4j+ 4¢2O0k

@ = 4j+4k
5 Write the answer. \ r'(0)=i-2k

r”(0) =4+ 4k

point (x, y) can be fo u ted rates, namely:
dy _dydt
dx dt dx

Consider a curve described@ ctor equation () = x (t)l +y(1) ] The gradient of the curve at the

t
, where o

Worked example 10 illustrates this.

m Calculating the gradient at a point on a curve defined by a vector function

A curve is described by the vector equation r (t) = 26 + (£ +2) j, t 2 0.
(a) Calculate the gradient of the curve at the point when ¢ =2.

THINKING WORKING
1 Write and number the parametric x =2t [1]
equations. y=t+2 [2]

Pearson Specialist Mathematics 12 Queensland



d. d
2 Calculate 2= and 2. dx =2and & =1
dt dt dt dt
dy dydt dy dydt
3 Use the chain rule YA to determine Y
dy dx  dt dx dx  dt dx
— where t=2. 1
dx =1x—
2
T2
4 Interpret the answer. The gradient of the curve at t =2 is %

Calculate r'(t).

Differentiate each component of 7 (t) to r(t)=26i+(t+2)] 6

determine r’(t). ()= 284 )30

Determine a unit vector, s, parallel to the tangent to the curve at t when = 2.

1 Use§=ﬁ. s = @$|=V22+12=\/§
s
7 Write the answer. | |
s
\@ (22+ ])
NG

1

=ﬁ(2i+j)

A A

Differentiation of vector functions

Worked
Example

2
Calculate d_: and % for each of the following vector functions:

(a) r=5t%—26 1tk (b) r=4sin(2t)i+3cos(2t) ]+ 2k
Calculate r’(r) and r” () for each of the following vector functions and values of :

(a) r(t)=-sin(2t)i+cos(2t)j+ ek, =0 b) r(t)=eli+ej+ (t3 - l)l;, o=0
(c) r(t)=10ti + (10\/§ - 5¢% )], o=2 (@) r(t)=sec(t)i+tan(t)j, o= %

]

Chapter 3 Vector calculus
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Worked
Example

10

12

s 1w
A curve is described by the vector equation r (¢) = #i + S j, t>0.
(a) Calculate the gradient of the curve at the point when t= 1.
(b) Calculate r’(t).

(c) Determine a unit vector, s, parallel to the tangent to the curve where t = 1.

A curve is described by the vector equation r (t) = (t2 + t)l + (t2 - t)}', t2>0.
(a) Calculate the gradient of the curve at the point when ¢ =0.
(b) Calculate r’(t).

(c) Determine a unit vector, s, parallel to the tangent to the curve where t=0.

A curve is described by the vector equation r(t) = cos(2t)i +cos(t) j, 0 < t < 27.
(a) Calculate the gradient of the curve at the point when t = %
(b) Calculate r’(t).

(c) Determine a unit vector, s, parallel to the tangent to the curve where

For each of the following vector functions, calculate — and determ restrictions on t.
(a) r=t(sin(t)1:+cos(t)}') (b) r=t{lo
A curve is described by the vector equation r ( ,t € R. The gradient of the curve at
(x,y)is:
5

A3 B 5 — D =

5 3
A curve is described by the vector e \) = cos® (t)i +sin’ (1) j, 0 <t <27

2r
(a) Calculate the gradient of the e point when ¢ = 5
(b) Calculate r’(¢).
. . 2r
(c) Determine a unit vec arallel to the tangent to the curve where t = 5
A curve is descri t ctor equation r(t) = i+ sin(2t)}, t 2 0. Calculate the corresponding
. . . . 1

time ¢ at which th€'gradient of this curve is equal to >
A curve C is defined by the parametric equations x =1+t and y = t*,t > 0.
(a) Determine the Cartesian equation of C and determine its domain.
(b) Sketch the graph of C.
() Determine the vector equation of C.
(d) Determine a unit vector, s, parallel to the tangent to the curve where t = 1.

The position vector of a particle at time t, is given by r(¢) = sin(t)i + 4 + cos(t)lé. Prove that r”(t) is
perpendicular to r”(t).

The position vector of a particle at time ¢ is given by r(¢) = Ati + 4t2}', t 2 0. Determine when the

magnitude of the angle between r’(¢) and " (¢) is %

Pearson Specialist Mathematics 12 Queensland



Velocity and acceleration vectors

You have learned how a moving particle can be defined by a position vector, in terms of time, ¢. You have
also learned how it is possible to differentiate a vector function.

In your study of instantaneous rates of change, you will be aware of the relationship between the process
of differentiation and the calculation of velocity and acceleration for rectilinear motion. Vectors offer a
useful method for extending these calculations to objects moving in three dimensions.

Velocity vector

Consider again the vector r (), which represents the position of a particle

P
. . . . . . . /—
at point P at a certain time, . After a short time, d¢, the particle is at Q with
position vector r (¢ + &t). 7 o

The displacement (or change in position) of the particle during the tim @ / \Q
r(t + 6t)

interval 0t is:
o
Since velocity is the time ratio of change of displacement, th q velocity of the particle during this

Sr=PQ=0Q-O0P=r(t+6t)—r(t)

time interval is:

Sr_r(t+dt)-r(t) St £0
5t St ’ \

or 1 or
Re-expressing — as — (67 ), you will see t a vector parallel to Or. i.e. — is a vector whose

ot ot
direction is along PQ.

r(t+6t)—r(t
The instantaneous velocity of P atai is therefore given by lim M
5t—0 ot
. b o ar .
By analogy with scalar(cal this rate of change limit is denoted by E orfr.
If r(¢) defines the position vector of a particle P at time £, then the velocity at P is:

v=r'(t)=F= dr _ lim r(t+6t)-r(t)
dt  5t—0 ot

The direction of v is the direction of PQ as 8t — 0. i.e.as Q — P p  tangentatP
(see following diagram).

Therefore, the instantaneous velocity of the particle, v, is parallel to the
path of the particle at P, in the direction of motion.

d
Ifv = d—:, i.e. the velocity of the particle is the rate of change of position,

then v =|v| is the speed of the particle.

Chapter 3 Vector calculus 169



m Calculating the velocity vector —

A particle moves so that its position vector at time ¢ is given by r (¢) = ti + (t-2) }', t=0.

(a) Determine an expression for the velocity of the particle at time ¢.

THINKING WORKING
Differentiate each component with respect to r(t)=ti+(t—2)j

to calculate v(t). i

v=—

dt

(b) Calculate the velocity of the particle at =1 and t = 2.

Substitute the given values of ¢ into v(t).

(c) Sketch the path of the particle and draw the velocit t=1andt=2.

1 Write and number the parametric e atic@ X [1]
q\ y=(t-2" [

2 Write the Cartesian equation with The Cartesian equation is y = (x — 2)%, x > 0.

3 Determine the location of rticle abt =1 Att=1:
and ¢ = 2. These will d e location r(1)=1+(1-2)
for the tails of the veloci PO
=li+1j
Att=2:
r(1)=2i+(2-2)j
=2i+0j
4 Sketch the parabola with correct domain and y
velocity vectors at t =1 and t = 2. SS
4
3_
2_
1_
i \ /
0 2 2)3
b )

The velocity vectors are tangential to the
particle’s path at the respective points.
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Acceleration vector

Acceleration is the rate of change of velocity with respect oy v (t+8t)—v(t)
=—=]lm—F——=

to time. Calculation of acceleration from the velocity a=v'(t)=v=—-=
vector is somewhat similar to the calculation of velocity GO ot
from the position vector, as previously described. or, equivalently,
2
Unless the particle is moving in a straight line, a is not a=r"(t)=¥= dr
2
parallel to v. dt

In general, a has a component tangential to the curve at P (the direction of v) and a component normal
to the curve at P. To understand how this works, consider the case of projectile motion (a form of motion
you will study in greater depth later in this chapter). In simplified projectile motion, the only acceleration
acting on a particle is due to gravity (and this acceleration acts in a downwards direction). The path
traced out by the point is parabolic, and the acceleration vector a(t) can be split into the normal vector

ay (t), shown in green, and the tangential vector a (¢), shown in blue: 6

Y

11

Consider also a scenario where a car is round a circular track at constant speed. Is the car

accelerating?

G Making connections

By definition, the car is accelergti
Although the magnitu he
the car is continually ¢ irection so that its velocity is

velocity is changing.
elocity (its speed) is constant, Observe the vector direction and
acceleration of a particle

Move the sliders to observe how

changing. Hence, the car { erating. the vector acceleration changes.

m Calculating the acceleration vector and resolving it into tangential and normal components

A particle moves so that its position vector at time ¢ is given by r () = ti + (£ — 2)> j, t 2 0.

(a) Determine an expression for the acceleration of the particle at time .

THINKING WORKING

| Differentiate each component with respect to r(t)=ti+(t-2)"j
time to determine v(t). v(t)=r'(t)=i+(2t—4)]
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2 Differentiate again to determine a(t).

v(t)=i+(2t—14)]
_dv
dt
a(t)=2j
The particle has a constant acceleration
throughout its motion.

(b) Resolve the acceleration vector at t =1 into tangential and normal components, showing them to scale

on a diagram.
1 Calculate a unit vector parallel to v(1).

2 Calculate the vector projection of @ onto v(1)
to determine the tangential component of a.

3 Calculate the vector projection of a

perpendicular to v(1) to determine
normal component of a.

L Determine the position of the particle at t = 1.
This will be the point from which the
acceleration vectors will be sketched.

5 Sketch the tangential and normal components
of a to scale.
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v(1) = i — 2j and so a unit vector parallel to
1 2
i
\/g(
5 L o» n
)ﬁ(‘ -2J)

i—2j)

itisv(1) =

!2

:—— 1—2]

T ormal component of a is given by

a—(a-v(1))v(1).
()

a—(a-v(1)v(1)=
:z;+§(;_2;)

r(t)=ti+(t—2)j
r(1)=1i+1j

Therefore, draw the vectors from the point (1,1).

Normal component

ofa
—

.-~ Tangential component
ofa




(c) Calculate the angle between the velocity and the acceleration vectors at ¢ = 1. Give your answer in
degrees correct to 1 decimal place.

I Determine the relevant vectors. v(1)=i-2j
a(1)=2j
2 Substitute into the dot product formula Let 6 be the angle between v(1) and a, where
a-b=|al|bcos(6). v(1)-a =|v(1)||al cos(6).

(i-2j)-2j=(V5)(2)cos(8)

3 Rearrange the equation to make cos(6) the (\/_ )(2)cos( )

subject.
cos(0) = Z

NG

=cos™ | - —i ! %
4 Express 0 in degrees correct to 1 decimal place. 0 =153.4° (

the velocity and
tors at t=11is 153.4°.

5 Interpret the answer.

In the following figure, a particle isat. A wigh position vector r at time ¢ =0.
If the particle is moving c%reloaty v, then it is moving in Ao \ ,
a straight line and in ti t undergoes a displacement tv. T

-~
Hence at time ¢ it has positi ector OB=r +tv. r v B
The following worked example uses this result. ey

m Particles moving with a constant velocity vector

Two passenger ferries, F and G, travelling at constant velocities are observed from a clifftop at 11:00 am.
Their position and velocity vectors are:

re =30i—15] vy =-10i +15]
to =-10i+5j Ve =10i+5]
where distance is measured in kilometres and time in hours.

Determine whether the ferries will collide if they maintain their velocities. If there is a collision,
determine when the collision will occur. Identify any assumptions and comment on the effects of these
assumptions on your solution.
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THINKING WORKING

1 Use r + tv to determine the position vectors ~ Ferry F:
of both ferries at time ¢ hours after 11:00 am. re =300 —15) + t(-lOzc " 15}-)

=(30-10t)i + (15t —15) j

Ferry G:
r, =-10i + 5+ t(10i +157)

N
o

= (10t —10)i + (15t +5) j

A

2 The two ferries will collide if there is a value (30 —10¢)i + (15t — 15) j = (10t — 10)i + (15¢ + 5) j
of t (>0) such that rp, = 1.

3 Equate the i components and solve for t. 30 -10¢t =10t - 10
20t = 40
t=2
4 Equate the ] components and solve for ¢. 15t —15=5t+5 @
10t = 20
t p—
5 Write a conclusion. re (2 ence the ferries will collide when
t= ision will occur at 1:00 pm.

6 Identify any assumptions, and comment on el assumes there are no underlying
the effects of these assumptions on you @rrems that would affect the relative velocity of
solution. \ ther ferry. It also assumes that the crew of both
ferries are willing to continue travelling at a
constant velocity despite the obvious dangers of an
imminent collision. If these assumptions were
incorrect, the ferries would not collide at 1:00 pm.

[I'} Using vector calculv- to describe the motion of a particle

The position vector of a particle at time tisr = cos(2t)f + sin(2t)}' +k,t>0.

(a) Calculate # and #.

THINKING WORKING

A A

1 Differentiate each component with respect to r = cos(2t)i+sin(2t)j+k
t to calculate 7.
F= (icos(Zt))i +(isin(2t))j + (il)k
dt dt dt
= -2sin(2t)i + 2cos(2t) j

2 Differentiate each component with respect to F =-2sin (Zt)i + 2cos (2t)}'

t to calculate #. i‘:—4cos(2t)1:—4sin(2t)}'
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(b) Prove that the speed of the body is constant.

1 Calculate|7|. F = -2sin(2¢)i + 2cos(2t) j
|#] = (-2sin(2¢))’ + (2c0s(2¢))’
2 Use the Pythagorean identity to simplify |#]. |F| = \/ 4sin® (2t) + 4cos” (2t)

= \/4(sin2 (2t) + cos® (2t))
=4

=2

3 Write the conclusion. As |r| = 2, the speed of the body is constant.

(c) Prove that the particle’s acceleration is always perpendicular to its direction of motion.

1 Vectors are perpendicular if # = -4cos(2t)i — 4sin(2t) j and
their dot product is equal
to zero.

t)i + 2cos(2t)

j
f-fz(—4cos(2t)f—4sin( in(2t)i + 2cos(2t) ])

Calculate # - 7.

2 Demonstrate that # - # = 0. # - = (-4cos(2t )+ (-4sin(2t))(2cos(2t))
—851n 2t)cos 8sin(2f)cos(2t)

3 Write the conclusion. So # J_ @r #0.

article’s acceleration is always perpendicular to
Y 1on of motion (the direction of 7).

_
m Calculating maxir ...« and miramum speeds of a particle
| 4
At time t, a particle has positio

vector r = (cos(t) + cos(2t))1¢ +(sin(t) + sin(2¢))j,¢ > 0.

(a) Determine an expression for the speed of the particle.

THINKING WORKING

1 Differentiate each component with respect  r = (cos(t) + cos(2t)) +(sin(t) + sin(2t))}'

to ¢ to calculate 7. A
-sin(#) - 2sin 2t)) +(cos(t) +2cos(2t)) j

2 Recall that speed (a scalar) is the

= (-sin(t) — 2sin(2t) )i + (cos(t)+ 2cos(2t))}'
magnitude of the velocity vector. Use \/

sin? (¢) + 4 sin(t) sin(2¢) + 4 sin® (2t)
+cos” (t) + 4 cos(t) cos(2t) + 4 cos> (2t)

v = |F| to determine the speed at time ¢.
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3 Use the trigonometric identity (sin2 (t)+ cos’ (t)) + 4(sin2 (2t) + cos® (21‘))
.2 2 L v=
sin” (0) + cos” (6) = 1 to simplify v. +4 (sin (¢)sin(2t) + cos(t)cos(2t))

= \/1 +4 + 4(sin(¢)sin(2t) + cos(t)cos(2t))

4 Use the trigonometric identity v=1+4+4cos(2t —t)

cos(x — y) = cos(x)cos(y) +sin(x)sin(y)  _ {5+ 4cos(t)

to simplify v.

5 Write v in terms of f. v =4/5+4cos(t)

(b) Determine when the particle first attains its minimum and maximum speed.

1 The minimum speed occurs when cos(t) = -1. v =/5+4cos(t)

The minimum v
when cos(t) =

v 18 1 and occurs
ent=m,3m,...

It follows inimum speed is 1 and is
first attai

2 The maximum speed occurs when cos(t) = 1.
when cos(t) = 1,i.e. whent = 0,27,...

It follows that the maximum speed is 3 and is
first attained at £ =0.

Anti-differentiation of unctions
Anti-differentiation is the reverse process to differentiation.
unctions can be anti-differentiated.

s expressed in component form, use the following rule:

The result can be verified by differentiation.

%: %(det)f+%(Jydt)}+%(‘[zdt)lé+%
= x1:+y}'+zl;+0

:x1:+y}'+zle =(J.xdt)f+(Jydt)}'+(_[zdt)l€+c

s s s
If — = xi + yj + zk, then:
5 xXi+ yj+z

r= J(xz + y}'+ zle)dt

Note that when anti-differentiating a vector function, a vector constant (c) is introduced.

Extra information, such as an initial condition, is needed to determine the value of the vector constant, ¢
specifically.
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m Determining a position vector from a velocity vector

The velocity of a particle at time t is given by # = i + (2t + 2) j, t > 0. Determine its position vector when
t=1,ifr =i whent=0.

THINKING

1

2

3

A

Anti-differentiate each component with respect
to t to calculate .

Apply the initial condition to determine c.

Write the position vector r.

Calculate r when t=1.

WORKING

dr & 2
= =i+(2t+2)f
0 ( )J

r= j(: +(2t+ 2)}')dt
= tf+(t2 +2t)}‘+c

r(0)=iandsoc=i.

A

r=(t+1)§+(t2+2t)%
r(1) = 2i+3j

To calculate the position vector r given #, anti-differentiate once toude

Sketching the path of a particle given its accelerati. 1 vec ‘or

@ t = 0.°Sketch the path of the particle if

The acceleration of a particle at time ¢ is given
f=i—-5jandr =0 whent=0.

THINKING

1

Anti-differentiate each compone
to t to calculate 7.

Apply the initial codditio @mine the

constant vector c.

ith respeet

Anti-differentiate each component with respect
to t to calculate r.

Apply the initial condition to determine the
constant vector d.

Write the position vector r.

To sketch the path, convert the position vector
into Cartesian form. Write and number the
parametric equations.

# and then again to get r.

WORKING

F=-10j
F=-106+c
Att=0:
F=i-5]

Hencec =i — 5]

F=i—(10t+5)]
r=ti—(5+5t)j+d

Att=0:
r=0
Henced = 0.

A

r=ti—(5t* +5t) j

x=t [1]
y=-(5t +5t) [2]
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7 Determine the possible values of x. Ift 20and x =t then x = 0.
8 Substitute into the other parametric equation to y= -(5x ?+5x )
eliminate ¢. So y = -5x(x +1).
9 Write the Cartesian equation with domain. The Cartesian equation is y = -5x(x +1),
x20.
10 Sketch the path of the particle with correct l f

domain. 0

Velocity and ac n vectors

Worked
Example

@ 1 Determine an expression fo ocity at time ¢ for a particle that moves so that its position vector

at time ¢ is given by:
(a) r=(t+1)i 2% @ (b) r:tf+(t2—1)}'

2 Determine an expression for the acceleration at time ¢ for a particle that moves so that its velocity
vector at time ¢ is givén by:

(a) v=i—2£%] (b) v=(15-10t)j

3 Determine # and # for each of the following equations.
(@) r=dati—(£ —2)j+3t%k () r =26t +5(3t =) ]
(c) r=4cos(2t)i+3sin(2t)] (@ r=e'i+ (e'Zt + 1)}'— £k

A

L A particle moves so that its position vector at time ¢ is given by r = 2cos(t)i + 3sin (t) j — 4tk.

Calculate the initial speed of the particle.
5 A particle moves so that at time ¢ > 0, its position vector is given by r = (t3 - t)l +(2t - 1)3 ]
At t =1, the magnitude of the particle’s acceleration is:

A 2i+6j B 2410 C 6i+24j D 6417
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Worked
Example

6 Calculate the position vector r if:
(a) F=4ti—j,r=jatt=0.
(b) #=-2sin(2t)i +2cos(2t)j,r=i+katt=0.
() #=-10j,r=0and # = 20i+20jat=0.

7 Two snooker balls, the white ball and the black ball, simultaneously rebound slowly off adjacent
cushions of a snooker table. Immediately after rebounding, their position and velocity vectors relative
to a corner of the table are:

Tty = 0.5i Vi =f+2}'
rs=15j vy=2i—j

where distance is measured in metres and time in seconds.

(a) Prove that the paths of the two balls cross at right angles. 6

(b) Calculate how long after rebounding the balls collide. @{

(c) Identify any assumptions made in parts (a) and (b) and discuss the e these assumptions on

your answer.

8 The position vector of a particle at time ¢ is given by r = v/2 ¢s sift(nt) j + sin (nt)k, where n
is a positive constant.

(a) Prove that the particle moves with constant speed.

(b) Prove that its acceleration is always perpendicular to it loc1ty
9 A particle moves so that its position Vecto i$'given by r = e sm(t)) (e't cos(t)) }', t=0.
(a) Determine an expression for the pa c1ty

(b) Determine an expression for th t peed.

() Determine an expression fo article’s'acceleration.

10 At time ¢, a particle has po rr :(3sin(t)+sin(2t))1:+(3cos(t)—cos(2t))}'+tl;,t20. @
(a) Calculate the m 1nimum speeds of the particle.
(b) Calculate the m of its acceleration at t = %

11 A particle moves so that at time t > 0, its position vector is given by r = ln(t + Zt)l + 2t ] Calculate
the particle’s velocity vector at £ = 2.

12 The acceleration of a particle moving in a plane is constant and is given by # = 18i. At =0,
¥ = 6i + 3jand r = 0. Calculate the velocity and the position of the particle at £ = 1.

13 The acceleration of a particle at time ¢ is given by # = e'i + e"}' + 6tk. Calculate the particle’s velocity
and position at time tif # =i — j+ kandr =2jatt=0.

14 The acceleration at time ¢ seconds of a particle moving in a straight line is ¥ = (4 — 6t)1: m/s’. The
particle starts its motion 16 metres to the right of a fixed point O and moves away from O at a speed
of 4m/s.

(a) Determine the position where the particle is instantaneously at rest, relative to O.

(b) Determine when the particle passes through O.
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Worked
Example

15

16

18

19

A body moves from rest at the origin so that after ¢ seconds its acceleration is given by
#=10i + e jm/s>.

(a) Calculate its velocity after ¢ seconds. (b) Calculate its position vector at t = 10.
A particle moves so that its position vector at time ¢ is r = £+ t}‘, t=0.

(a) Determine an expression for the velocity at time ¢.

(b) Calculate the speed and direction of the particle at t = 2.

(c) Determine an expression for the acceleration at time t.

(d) Resolve the acceleration vector at t = 1 into tangential and normal components.

(e) At what angle to its direction of motion is the particle accelerating at t =0 and t = 1?

A child is sitting still in some long grass watching a bee. The bee flies at constant speed in a straight

line from its beehive to a flower and reaches the flower 3 seconds later. T osition vector of the
beehive relative to the child is 10i + 2 j + 6k and the position vector of theMflower relative to the child
is 7i + 8 j, where all distances are measured in metres.

(a) Calculate the speed of the bee.
(b) Calculate a unit vector in the direction of motion of th
(c) Calculate the velocity of the bee.

(d) Calculate the closest distance that the bee come @ ild. Express your answer correct to one
decimal place.

where i is a unit vector in the horizontal di f the green and j is a unit vector vertically upward.

ity is horizontal.

The velocity of a golf ball, t seconds, aﬂe& om a tee, is given by 7 = 10 + (20 —10¢) ] m/s

(a) Calculate the initial speed and t
decimal place.

of projection of the ball. Give your answers correct to one

(b) Determine when the ba

(c) Taking the tee as th etermine an expression for the position vector r of the ball at time ¢

seconds.
(d) Calculate t imum height reached by the ball. Identify any assumptions and comment on the
effect of these ptions on your solution.

At time , a particle has velocity v = 2cos(t)i — 4sin(¢)cos(t) j, £ > 0. At time t =0, r = 3.
(a) Calculate the displacement of the particle at any time .

(b) Calculate the displacement of the particle when it first comes to rest.

(c) Determine the Cartesian equation of the path and sketch the path of the particle.

(d) Determine the maximum speed attained by the particle.

Pearson Specialist Mathematics 12 Queensland





